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The Newton method with load or displacement or arc-length controls

Three numerical procedures are illustrated, based on a tangent (Newton) approach to
solve the structural equilibrium.
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The Newton method with load or displacement or arc-length controls o b0
Ad i
(3 o *d a
algorithm Newton <—initial> <—initialThenCurrent>
| ith ModifiedNewt —initial
SUGOTIEIL odifiedNewton <—initial> algorithm Newton <—initial> <—initialThenCurrent>
integrator LoadControl $lambda <$numlter $minLambda $maxLambda> algorithm ModifiedNewton <—initial>
integrator DisplacementControl $node $dof $incr -initial — (optional) use initial stiffness ! )
<$numlter $DUmin $DUmax> -initial ThenCurrent — (optional) use initial stiffness on first step, then use current stiffness for subsequent steps

integrator ArcLength $s $alpha

test testType? <$tol> $iter <$pFlag> <SnType>
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The Newton method (load control) The Newton method (load control)

The equilibrium equation to be solved is f ;Lf,‘ 777777777777777777777777
R(d,\) = f(d) — M = 0 M Ay S
Taylor expansion of R(d, \) gives / i 1 D ot 7 ! D
oR oR of | o | [t s 5d; = K4 F — £(d; 1))
R(d,)\) = R(do, Ao) + —| (6d) — —| 4X PR Te UM o SN L | | o
ad g, 2 3PW 1 | o ad
L i Ad L | !
where OR/0d = 0f/0d = K and OR/0A = f | ; 3 D a d 0 d g
ad, d d, d d
R(d, ) = R(do, Ao) + Kodd — SAF ° ! 2
Substituting R(do, Ao) = f(do) — Aof and A = AN = X — X, one has integrator LoadControl $lambda <$numlter $minLambda $maxLambda>

$lambda — load factor increment A
R(d’ /\) ~ f(do) — Aof + Kodd — (>‘ - AO)f - f(do) — Af + Kodd $numiter — (optional, default = 1.0) the number of iterations to occur in the solution algorithm

$minLambda — (optional, default = X) the min step size
) ) . ) i i ) . $maxLambda — (optional, default = X) the max step size
Equating to 0 the previous quantity and solving for dd one obtains the iterative estimate of the

displacement increment

od = K5 1A — f(d,)] - od; = K, 5 M — f(d;_1)]
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The Newton method (displacement control) The Newton method (displacement control)
The equilibrium equation to be solved is ; f %y
Aof Sk o T LA ;
R(d, ) =f(d) —xf =0 Wil M ~ Mt T T M ’ I e
;tl; ******* - ¢ﬁ ****** R . Asf 5 j‘ ! Oy da° / 1 .
whose Taylor expansion gives again ;fﬁﬁ /o1 TN ! P e dom oy y | Do
Y A | Aof - ff -3 ‘ ! ! | : .
Aol v | o | ! ! | ¢l s | Lo
R(d, \) & f(do) — Aof — XM + Kodd L 8d° 8d° L 3d°, 80° 8d° 8d° | od° : 8d° ‘ di " sdty | BalYy | o
where the load increment factor A has been w | ‘ i Adf L
factored out. 1 | 1 ! 1
C c c c 4 ¢ C c C c c u u u u u
In this case displacements are split into an unknown % di dz oG . d do ds el di .. d d di iy die) . d5 d
part d2 and one controlled displacement df so that sdu
the equation R(d, A\) = 0 becomes i | — —1 c c ¢
(@) [5);,8} = [Kii—yy | =17 -0 f = f(djii_y), diji_1)) — Kfi_)Ad]
u
£(d2, dS) — Nof — 62F + [K [KE] [gﬂ —0
This system of equations is rewritten by factoring dd“ and §\ integrator DisplacementControl $node $dof $incr
<$numlter $DUmin $DUmax>
u
f(dg, dg) — Xof + [Kg ‘ — f] |:§d :| + Kgdd" =0 $node — node to control
SA $dof — degree of freedom at the node
$incr — first displacement increment dd
and is solved as $numlter — (optional, default = 1.0) the number of iterations to occur in the solution algorithm
u $DUmin — (optional, default = §d) the min step size
|:6§d)\ :| = [Kg | — f]il[)\of — f(dg, dg) — Kg(SdC] $DUmax — (optional, default = dd) the max step size
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The Newton method (arc-length control) The Arc-length method

In this case the increment of the load multiplier A
is not assigned a priori, but it represents a further

The equilibrium equation to be solved is f Employing the Taylor expansion of R(d, A) and |2 S

T a(d, \) in place of the actual expression of these i

R(d,\) =f(d)—Xf =0 S a functions, the equilibrium equations and the Shuf p .

| T arc-length form the linear system of equations oMf| T S

whose Taylor expansion gives again R 7 —— R YA SR

Af Z 1 R(do, Ao) + Kodd — GAf = 0 Mpoo o e e

R(d, \) & R(do, \o) + Kodd — A ] 3 (do, 2o) 1+ Ko ) , Axf[ ;

fof o AL a(do, Xo) + 2Ad5d + 202 AN - FSA — AL2 =0 o --- AL

|
|

. |

and is solved as |
|

|

‘

unknown added to the set of nodal displacements d. dd, dd, _ dd, dd,
P s 5d Ko £ ] R(do, M) ‘ I
Hence, a further equation is introduced, expressing 1 Ad ‘ ‘ SA = 2AdT 202AM - f a(do, A\o) 1 Ad ' ‘
th(? distance, in the d — f space, between the initial = ra——— d ’ % PR d
point (do, fo) and (d, Af), expressed as: where the matrix within square brackets remains
non singular even when K, is singular.
a(d,\) = Ad- Ad + o?ANF-f—AL°=0 Actually, we recall that the classical Newton method employs the iteration formula

where « is a scaling parameter transforming the force units to displacement units. sd — K;l[/\f —f(do)] = Ko_lR(do, )

Taylor expansion of a(d, \) gives
Oa

a(d, A) = a(do, o) + 2d

5+ % SA = a(do, o) + 2Adodd + 202 ANF - 5
do Ao
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The Newton method (arc-length control) Convergence test
I g test testType? $tol $iter <$pFlag> <$nType>
’/
J $tol — tolerance
S OAf /’ $iter — max number of iterations before returning failure
1 S $pFlag — (optional, default = 0) print flag (see Command Manual)
Af '***'r’* - o $nType — (optional, default = 2) type of norm
g/
£ AMI 3‘ Options for testType?
oLt AL ! v ——
| 5 R et (S
| i _ bOAd Af
! ! NormUnbalance — |Af;| < tol % N
. 8d, 3z |Af| ’ A8
! ' RelativeNormUnbalance — < tol
! Ad X |Af| Af
- AE
& di ced d NormDisplner — |Ad;| < tol r-
| L Ad
-1 Ad;
i i—1 - -1t — i—1> 9i_ elativeNormDisplncr — < to
5d K f Noaf — F(dY_, df ) RelativeNormDispl l‘Ad"‘ /
— o
Y 2Ad] | 202AN i f - f Adi_1 - Adi_1 4+ a?AN2_f-f—AL? ad) d
RelativeTotalNormDispl e /
elative TotalNormDisplncr — ; < to NO convergence test
Ad
— ;‘ il test FixedNumlter $iter <$pFlag> <$nType>
integrator ArclLength $s $alpha B
$s — arclength AL Energylncr — AE; = Ad; - Af; < tol
$alpha — scaling factor on loads
. AE;, Ad;-Af;
RelativeEnergylncr — = < tol

AE,  Ad,-Af,
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Example 1: Elastic cantilever beam in large displacements Example 2: Elastic-plastic buckling

i 2 H | H H | H H i 0 i i i
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Example 3: Snapping through arc Example 4: 2D frame
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Element formulations

Plastic hinges and distributed plasticity
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Plastic hinges length

The plastic hinge length L, is a fundamental parameter for defining the hinge
behaviour.

It is used to transform the bending-curvature behaviour of the beam’s sections into a
bending-plastic rotation law of the hinges.

MA X My

7

XY XUVX ey eu ep = Xp Lp

K___/’
dffy M
L, =01L,+0.17h 4+ 0.24 L, = —
° HR v/ T
where:
0 L 4 0.0013 (1 +150 ) +0.13x, I elastic limit rotation
y = Xy 3 I, Xy NA
1 Ly . .
0, = 15 Oy +(xu—xy)Lp (1= 0.5L— — ultimate rotation
- v
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Plastic hinges: the main idea

Lamped plasticity formulations are based on the observation that many elements of a
framed structure exhibit damage at their extremities.

AF_ ‘
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:
:
MM,
ME ‘
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;
;
:
:
0,=x Lp : [
MM, X
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Considerations on the plastic hinge position

Plastic hinges are expected to open at element extremities. This is generally true only
for columns.
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Pushover analysis of a 3D RC frame: The SPEAR building
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Distributed plasticity formulations

-10G -10G

Stiffness formulations

-20C -200

m— Experiment (envelope) ||
Plastic hinges
— Distributed plasticity

m— Experiment (envelope) ||
Plastic hinges
— Distributed plasticity

o 008 o element dispBeamColumn $eleTag $iNode $jNode $numlintgrPts
- — $secTag $transfTag <—mass $massDens>
ﬁ = <—cMass> <—integration $intType>
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Distributed plasticity formulations: Stiffness formulation The shape functions
Let us consider the beam element shown in figure The shape functions are evaluated as the exact solution of the Bernoulli beam

equations.
> Axial or torsional equations Kaw;'(x) = 0 and K767/ (x) =0 — N”(x) =0

N ()

|

|

l
12 Ry oy

0,
22 g,
Wi % [ | [ |
12—
g > Flexural equation Keow,'”’(x) = 0 and Keaw}”/(x) =0 — H""(x) =0
1
. \ . . . ! H, H, !
The differential equations governing the beam problem allow for describing 7! uf) 7 LV
displacements along the beam axis as a function of the extremity displacements by . B ; >
means of the element shape functions L2 OL e Ipn L2 OL e Ip
wi(x1) = Ni(x1)wir + No(x1)war 01(x1) = Ni(x1)011 + No(x1)021 o)
12(X,
& -
, 1 o 2 2
wa(x1) = Hui(xi)wiz + Hio(x1)013 + Hoa(x1)woo + Hoa(x1)f3 - 83(x1) = wa(x1) -L/2 R 2 w 2
[ | H.(x, /
wi(x1) = Hi1(x1)wiz — Hia(x1)012 + Ho1(xa1)waz — Hao(x1)022 02(x1) = —w3(x1)
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Matrix representation of displacement interpolation

Recalling that
wi(x1) = Ny (x)wit + No(x)wag 61(x1) = Ni(x1)f11 + No(x1)621

wo(x1) = Hit(x1)wiz + Hia(x1)613 + Ho1(x1)woz + Hao(x1 )63 03(x1) = wy(x1)

w3(x1) = Hi1(x)wiz — Hio(x1)012 + Ho1(x1)woz — Hao(x1)022 O2(x1) = —ws(x1)
we can write d° = Sd¢. In components
w11
wi2
w13
wi N 0 0 0 0 0 (N O 0 00 O 011
Wwo 0 Hnip 0 0 O Hi2 |0 Hxn 0 0 0 Hox 012
w3 [ | O 0 Hi1 —Hi»0 0 0 Hyy —H» 00 0 f13
01 |0 0 0 Ny 0O O 0 0 0 NO O w1
0, 0 0 —Hj H,, 0 0 |0 —Hjy Hjy 00 O W
03 0 —Hl, 0 0 0—H,|0 —H, 0 0 0 —Hyl | ws
621
020
b3
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Internal forces
Internal forces can be computed as a function of the strain parameters by means of
the section stiffness matrix.

In linear elasticity this relation yields o = Kzu

N EA Es, Es3 O €o
7/\/’3 o E52 EJZZ EJ23 0 82
My | | Ess EJpp EJz3 O 83
Mr 0 0 0 GCr 0%

For nonlinear material behavior, displacements along the beam axis are evaluated as a
function of the extremity displacements by means of the same shape functions
employed for the elastic beam.

Only the section stiffness matrix is modified by modelling the nonlinear material
behaviour in terms of stress and strain increments as Ag = K°Au

T T T

AN A7,:__ 552 553 0 Ac,

—AMz | _ | Se2 Jeo Jeoz O Agy
T T

ﬁi\l\/;b 5E3 Jesp Jesz O ﬁeg/a

’ 0 0 0 K T

where K* is the section tangent stiffness.
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Matrix representation of strain interpolation
Similarly, strain components can be evaluated by differentiating the displacement field

0 (x1) = Nj(>x1)011 + N3 (x1)021
g2(x1) = —wh'(x) = —Hi1 (x1)wiz + —Hi5 (x1)013 + —HYy (x1 ) waz + —Hab(x1)023

g3(xa) = —wg (x) = —Hui1(x1)waz + Hio(x1)612 — Ho1 (xa ) waz + Hoo(x1)622

we can write u = Bd€. In components

€o(x) = wi(x) = N{(1)wir + Nj(x1)weor

w11
wi2
w13
011
0 0 61o
0 — Hélz 613
0 0 Wo1
0 woo
w23
021
022
023

e N 0 0
2 0 —H]’_/l 0

0 0
0 0—H{5%| 0 —HY), 0
&3 0 0 —H{jH5O0
0 0

0 —HJ H)) 0
0 0 0 MO
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What does the algorithm ask to elements?

Newton method with force control
-1
Ad; = K, M —f(di_1)]
Newton method with displacement control

[Ad“

A

J(.)] = [Kf o) [ = 1 = f = (s din) — Ky Ad€]

Newton method with arc-length control

Ad; Ki—1 —f -
AN |28d] | 202AN_4f - f Ad;_y

where

Aioaf = f(dY_,, df )
SOd;_y +o?AN ff— AL

f(d) = A f°(@°) K=K(d) = f; K(a°)

Francesco Marmo Nonlinear analysis of RC frames using OpenSees



Nodal forces Element stiffness matrix

Element forces can be evaluated as a function of the internal forces by employing the The principle of virtual work is also used to define the element stiffness matrix.

principle of virtual works. From the previous equation we have

In particular, shape function interpolation is used within the element internal work L/2 L/2
vw =/ Ao(xy) - Aii(xi)dxy =/ BT (x1)Ac(x1)dx; - Ad¢
—L)2 —L/2

L2 L2 ;
vw = / Ao (x1) - Aili(x1)dxg = / Ao (x1) - [B(x1)Ad®]dxq
—L/2 2

where we can substitute Ao = K*Au to have
Rearranging the last integral

L/2 - L/2 .
vw = / BT (x1)K3(x1 ) Au(x; )elxg - Ad® = / BT (x1)K®(x1)B(x1) AdE dx;-Ad®
—L/2 L/2

L/2 . L/2 . .
IvW = / Ao (x1)[B(x1)Ad®]dxy = / BT(xl)Aa(xl)dxl-Ade = Af¢.Ad® = EVW
Y —L)2

in which the shape function interpolation of the element displacements has been used
the element force increments can be determined once more.

Rearranging the last term and comparing with the external virtual work

L/2 L/2
Afe = / B 'Acdx = f= / B odx
—L/2 J—L)2 L/2 - . .
W = / B (x1)K®(x1)B(x1)dx1 Ad® - Ad® = Af® - Ad® = EVW
where dependence of B and o upon x; has been omitted for simplicity. —L/2

and eliminating the virtual displacements Ad, we obtain the incremental equilibrium
equation of the element

L/2
KEAd® = Af®  where Ke:/ BTK°B dx

L/2

Francesco Marmo Nonlinear analysis of RC frames using OpenSees Francesco Marmo Nonlinear analysis of RC frames using OpenSees

The element state determination Pushover analysis of a 3D RC frame
The solving procedure of the entire structure calls each element for evaluating the
element stiffness matrix and the element forces as a function of the assigned nodal Stitfness formulation
displacements. oor
0.8} -
Assigned displacements are interpolated by means of the strain operator B
0.7
u = Bd° 06f
which are then used to evaluate the resultant forces and the stiffness matrix of the gas’
section &oar
o =o(u) K* = K*(u) 0l
as integrals extended to the domain occupied by the element cross section. 02t Sifness Formiaion GGP 3 i
. 01 St!ffness Formulalion (2 GP - 6 EImts)
These quantities are then used to evaluate the element forces and the element : Stifiness Formulation (2 GP - 10 Elmts)
stiffness matrix L e s

20 2
d[cm]

Stiffness formulations tend to overestimate
structural stiffness and strength.

The result is more accurate if more

which are assembled to form the entire vector of structural forces and stiffness matrix elements are used to model each member.
needed to perform the structural analysis.

L/2 L/2

T T

fe:/ B odx KE:/ B KB dx1
—L/2 —L/2
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Stiffness vs. flexibility formulations

Stiffness formulations

Strains are determined by interpolating
nodal displacements.

Flexibility formulations

Stresses are determined by interpolating
nodal forces.
lF

[

[¢] C
Cubic shape functions — Linear curvature
on each element.

Bending moment can be evaluated a
posteriori by element equilibrium.

Linear distribution of bending moment is
exact in absence of distributed loads.
Nonlinear curvature is determined from the
bending moments according to the
constitutive relationship.
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Elimination of rigid body modes

The global structural problem is more conveniently defined in terms of nodal
displacements and solved by means of a procedure based on the evaluation of the
tangent stiffness and force residuals of the structural model.

The stiffness matrix of each element is evaluated as the inverse of its flexibility matrix.
Ke = [Fe]fl
hence, avoid matrix singularity, the formulation needs to be derived in a reference free

of rigid body modes.

This is done by employing an element transformation matrix T¢ that reduces the
number of displacements

de — Tede

The transpose of the same matrix is used to reintroduce the rigid body modes when
the element nodal forces need to be computed

fe — [TE]Tfe
and when the element stiffness matrix is evaluated

Ke — [Te] TReTe

Francesco Marmo
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Distributed plasticity formulations

Flexibility formulations

element forceBeamColumn $eleTag $iNode $jNode $numlintgrPts
$secTag $transfTag <—mass $massDens>
<—iter $maxlters $tol> <—integration $intType>

Why the additional (optional) command -iter $maxlters $tol?
[Defoult values are $maxiters=10 and $tol=10E-12]

Francesco Marmo Nonlinear analysis of RC frames using OpenSees

Elimination of rigid body modes

Element displacements are
d® = (war, wiz, waa, O11, O12, b13, War, woo, oz, Ba1, 02, 623)
eliminating rigid body bodes one obtains a reduced set of displacement components
ae = (SX7 Fx, ”y17 rz1, ”y27 ”22)
where

w13 — w23 wip — w22
- rz1 =013 + —
w13 — wo3 w1z — wop
_— by =0 + ————=

L L

Sx = War — w11 ry1 =612 —

rx = 021 — 011 1 =0y —

so that the transformation matrix T¢ contains the coefficients of these relations.
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Reintroducing rigid body modes Reintroducing rigid body modes

Rigid body modes need to be reintroduced when element forces are computed. The same transformation is used to obtain the element stiffness matrix.
Actually, since the evaluation of the element response is made in a reference free of Element equilibrium in the reference free of rigid body modes is expressed by
rigid body modes, only some components of element forces f¢ are computed, o B
e e __ g€
. o . ) . K$d® =f
e = (fx7 My, my17 mzi, my?; sz) _
where d® = Ted*

which are dual to the displacements d®. KSTed® = f¢

Conversely, the solution procedure at the structural lever requires the determination of Multiplying both terms by [T¢]"
all components of the element forces _ =
[T KSTed® = [T°] "¢ =f°
fe = (fxla fyl-, fZla My1, My1, M1, foa fy2-, fZQa My2, My2, mZZ)
hence _
In order to obtain f¢ from f¢ duality between d® and ¢ and between d® and f€ is K& = [T°]"K&T®
employed

fe de=f.d° <« FO(Td)=f°.d° <« ([T]7f) d°=f°d°

hence _
fe — [TE] Tfe
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Effect of distributed loads along the element Variationally-based evaluation of the effects of element loads

The Principle of virtual forces is employed to define the element flexibility matrix and
The distribution of internal forces can be determined by the element forces.
equilibrium and it is undependent from the material constitutive PVF / So - Audx = 5T - Ade
behaviour. s
It is possible to account for distributed loads and forces applied

at points internal to the element axis.

where § indicates the virtual quantities, which are evaluated in absence of element
loads. _
Hence do(x) = D(x)df*®

Interpolation of nodal forces and loads applied along the element

P L - L -
M T T T T T T T 1>M2 /D<Sff"~Aud><:5f‘*~AdE = /DTAudx:Ade
0

0
Introducing the section constitutive law KSAu = Ao < Au = [KS]71Ac = FF Ao

+ + L L
] / DTFAcdx — AT® - / DTF*(DAT® + LAI) dx — Ad®
0

0

0

Internal forces are evaluated as: _
where we set o = Df¢ 4 LI

o(x) =D(x)f* + L(x)I . . o
Accordingly, the equilibrium of the element is written as

D = Interpolation function of nodal forces f¢

L L
L = Interpolation function od element loads | FEAF® + Q°Al = Ad®  where F® = / D'FDdx Q° = / DT FSL dx
0 0
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Element state determination procedure

Element state determination procedure

element level section level element level section level
f < f <
e e
K& K., K& K.\
O G

fr 1| d s I fr 1| d 1 I

i i

: ! | :

d;s d; d Ui u d.; d; d U u
Ad; Ad;

> >

The element is used within a structural solution algorithm that adopts the tangent
stiffness and the nodal forces of the structural model to solve the non-linear structural
problem.

The element state determination procedure is invoked at the i-th iteration of the n-th
step of the structural solution algorithm.

di_1, fig, K, u;_1, oj_1 and K;_; are known from the previous iteration.

New nodal displacements d; are assigned to evaluate the element response in terms of
K¢ and f;.

Francesco Marmo
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Element state determination procedure Element state determination procedure

element level section level element level section level
f o o
e
K Ky Kis
Af
o3 Gi.
fal-/ v il
i i i
d;; d; d Uit u d Uiy u
Ad;
&>

Assigned nodal displacement d; are used to evaluate the displacement increment Ad;
which are then transformed by eliminating the rigid body modes

Adopting the element stiffness matrix at the previous iteration the force increment is
evaluated as a function of Ad;
Ad; = T(d; — d;—1) Af; = K§_; Ad;

Remark: these force increments are not in equilibrium with the displacement
increments Ad; since they are evaluated with the stiffness matrix at the previous
iteration.

Francesco Marmo
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Element state determination procedure

element level R
2o f
K
” ,,,,,,,,,,,,,,,,,,,,,,,
/ i
1 i
| )
A, i
i
i
i
fs|- i
| '
dis d;
Ad;

section level

The internal forces increments at each control section of the element are evaluated by

interpolation of element force increments
Ao; = DAF; +do;_1

where do;_1 is a force corrector evaluated at the previous iteration.
Its evaluation at the current iteration is discussed later.
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Element state determination procedure

These strain parameters are used to evaluate the internal forces and stiffness matrix of

each control section

o =o(u;)

section level

K; = K(u;)

Nonlinear analysis of RC frames using OpenSees

Francesco Marmo

Element state determination procedure

section level

Section strain increments are evaluated by employing the section stiffness matrix at

the previous iteration
Au; = K;_1Ao;
Remark: these strain increments are not in equilibrium with the force increments Ag;
since they are evaluated with the stiffness matrix at the previous iteration.

— u; =u;_1 + Au;

Francesco Marmo Nonlinear analysis of RC frames using OpenSees

Element state determination procedure

The section stiffness matrix is inverted and integrated along the element to evaluate

the element flexibility matrix

L
Fe:/ DT[K¢] 71D dx
o}

whose inverse is the element stiffness matrix K& = [F¢] 1.

Francesco Marmo Nonlinear analysis of RC frames using OpenSees



Element state determination procedure

Element state determination procedure

G.r+AG—G;

G.+AC—G;

(7] S

=) SRS N

These residuals are integrated along the element to evaluate the displacement residuals

If all the quantities above were evaluated considering the correct value of element and
L
b, = / D Av; dx

0

section stiffness (remarks above), the internal forces o; would correspond to
and transformed to residual forces K;Ab; so as to evaluate the element forces

oi_1+ Ao;.
Conversely, a residual stress can be computed as o;_1 + Ao; — o and the relevant
fi = fi_1 + Af; — K;Ab;

residual strain parameters are computed

-1
Av; = [K,’] (0‘,',1 + Ao — (7',')
Element state determination procedure

Element state determination procedure

G,.1+AG—0;

G.+AC—0;

Finally, rigid body modes are reintroduced on both the element forces and stiffness

matrix
fE=TTf, KE=T'KT

1

Francesco Marmo Nonlinear analysis of RC frames using OpenSees

An internal force corrector do; is computed to be used within the next iteration. It is
due to the fact that the integral forces o; do not correspond to an interpolation of the

element forces f;, hence
60‘,’ = Df,‘ — g

Nonlinear analysis of RC frames using OpenSees
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A simply supported beam

Analysis of a 3D RC frame

Y Force-Displacement curve Stiffness vs Flexibility formulations
141 0.9r
S 1 08 /"~
x 5 12
dmax 0.7+
X L2 , L2 ,
} t | 1+ 0.6
L =180, h=10, b = 10, Cosh
0.8F = 0.
E = 29000, oy = 50, =
< W o04f
H~ =
iso = 290 ok
0.3+
0.4F 0.2+
— Stiffness Formulation (2 GP - 3 Elmts)
01 Stiffness Formulation (2 GP - 6 Elmts)
0.2 = Stiffness Formulation (8 elements) ?f;t?;ﬁfyiﬂﬂu.}f;ﬁ"n(égg j11 gﬁ;‘ts)
Flexibility Formulation (2 elements) 0 i i T T T T T n i
Flexibility Formulation (1 element) 0 5 10 15 20 25 30 35 40 45
0 h T T T i X X i d[cm]
0 001 0.02 ¢ 0.03 0.04 0.05 Stiffness formulations tend to overestimate
m .
max structural stiffness and strength.
Flexibility formulations are more accurate
even if only one elment per member is
used.
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Curvature diagram Curvature diagram
T x107° Curvature comparison
251 : : : :
ol
1.5
— T
£ 05|
L
jol
5 0
g
2 -05
o
1
-1.5
Reference Curvature
2 Stiffness formulation - 2 GP — 10 EImt
Flexibility formulation - 6 GP — 1 EImt
_25 1 1 1 1 1 1 1 1 |
50 100 150 200 250 300 350 400 450
z [cm]

Stiffness formulations furnish piecewise linear curvature distributions.
Flexibility formulations furnishes very accurate curvature distributions, even if only one
element per member is used.

800 1000
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Evaluation of element integrals

The element state determination procedures of both stiffness and flexibility
formulations require the evaluation of the following integrals

Quadrature rules at element level Stiffness formulation

2
€= B odx
Gauss (Gauss-Legendre) vs Lobatto (Gauss-Lobatto) g /_L/z
L/2
Ke:/ B K1 Bdx
element dispBeamColumn $eleTag $iNode $jNode $numintgrPts —L/2

$secTag $transfTag <—mass $massDens>
<—cMass> <—integration $intType>

Flexibility formulation
element forceBeamColumn $eleTag $iNode $jNode $numlntgrPts

L/2
-
$secTag $transfTag <—mass $massDens> be:/ D’ Avdx
<—iter $maxlters $tol> <—integration $intType> _LL//22
Fe:/ D' FDdx
. —1/2
How to set $numlntgrPts and $intType?

Quadrature rules for distributed plasticity elements

Element response (in terms of nodal forces f) and the relevant stiffness matrix K are Gauss abscissa and weights Lobatto abscissa and weights
expressed as 1D integrals defined along the element axis. Their evaluation requires
numerical quadrature:

n E,’ w; n 5; wi
1 "q
/ p(&)de =" p(&i)w; 1 0 2 1 - -
-1 i=1
2 +1/V3 1 2 41 1
Most common quadrature rules (for 1D elements) are:
Gauss Abscissas z; are all internal to the domain of integration and is exact 0 8/9 +1 1/3
for polynomial of degree 2nq — 1. 3 3
L Lo L +/3/5 5/9 0 4/3
YU WA WU ’
N ) +1  1/6
- - L i 3-24/6/5 18+ 30 4
Z1 Z2 Z3 z 4 7 36 i\/g/s 5/6
Lobatto Two abscissas are forced to lie at element end points 342./6/5 18— +/30
L L Ly + + 5 / 36
an Z
N N
s y v
A\ AV
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Evaluation of element integrals
The element state determination procedures of both stiffness and flexibility
formulations require the evaluation of the following integrals

Stiffness formulation
[ o = S BT te )
= Ix = i H
q e o ' o

i=1

L w;
2

LW,‘

L/2 "a
- / BT KrBdx = > BT(6L/2)Kr(&L/2)B(&iL/2)—
—L/2 i=1

Ke

Flexibility formulation
L/2 nq

_ / DT Avdx = 3 D7 (£,L/2)Av(gL/2)
—L/2 i=1

"q

" DTFDAx = 3D (6iL/2)F(6L/2)D(EL/2)

L/
L orroe=3

cases the quadrature rule is employed as

be Ly
2

LW,‘
2

Fe =

In both

1 nq L/2 "q Lw;
[pde=Sncom = [ ra=3 L2

Francesco Marmo Nonlinear analysis of RC frames using OpenSees

Stiffness formulation: Gauss vs. Lobatto

06
4 elements - Lobatto quadrature
4 elements - Gauss quadrature
05 ~ = ~ B elements - Lobatto quadrature
~ - — B elements - Gauss quadrature
~ ~ = 16 elements - Lobatto quadature
o ~ -~ 16 elements — Gauss quadrature
g o4 -
\Au.
&
< i
7
'\ 03
H]
< -
I RS
5 02 RN
P Te- ol
0.1
P SR R TN S . |

2 25 3 5 55 6

3.5 4 45
# of control sections

Usually internal forces attain higher values at the element extremities, hence:

Gauss

Control section are placed at the interior of
the element; = lower values of section
forces are sampled; = element forces ad
stiffness are under-estimated.

Lobatto

Two control section are placed at the
element extremities; = higher values of
section forces are sampled; = Reduction of
strain values in order to re-establish the
global equilibrium.
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Stiffness formulation: Gauss vs. Lobatto

L2

. L2 ‘

L =180, h =10, b= 10, E = 29000,
oy =50, Hig = 290

300
250

z

2 150

I

100

8 elements

e
.

+— Lobatto: 2 control sections|
Lobatto: 3 control sections.
—&— Lobatto: 4 control sections
—— Lobatto: 5 control sections
—=— Lobatto: 6 control sections
Gauss: 2 control sections
Gauss: 3 control sections
Gauss: 4 control sections
Gauss: 5 control sections
Gauss: 6 control sections
Reference solution

15

25 3 35
d fom]

Francesco Marmo

4 elements
300 s

o

250

.
X,

200

—+— Lobatto: 2 control sections.
Lobatto: 3 control sections.
—&— Lobatto: 4 control sections
+— Lobatto: 5 control sections
100 ~—#%— Lobatto: 6 control sections.
Gauss: 2 control sections
Gauss: 3 control sections
Gauss: 4 control sections
Gauss: 5 control sections
Gauss: 6 control sections
—— Reference solution

05 1 15 2 25 3
dfom]

16 elements
300 e e

250

200

+— Lobatto: 2 control sections|
Lobatto: 3 control sections
—&— Lobatto: 4 control sections
—— Lobatto: 5 control sections
100 —+%— Lobatto: 6 control sections.
Gauss: 2 control sections
Gauss: 3 control sections
Gauss: 4 control sections
Gauss: 5 control sections
Gauss: 6 control sections
Reference solution

05 1 5 2 25 3
d [om]

Nonlinear analysis of RC frames

Flexibility formulation: Gauss vs. Lobatto

Lobatto quadrature (1 element per member)

0.9 0.9
0.8
0.7
0.6 /
= 0.5 = 0.5
= =)
w04 w04
0.3 03
2 quadrature points 2 quadrature points
02 3 quadrature points 0z 3 quadrature points
- 4 quadrature points : — 4 quadrature points
— 5 quadrature points — 5 quadrature points
0.1 6 quadrature points 01 ——— 6 quadrature points
Reference solution Reference solution
0 i ; ; ; i 0 . ; ; . ;
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
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Flexibility formulation: Gauss vs. Lobatto

Gauss vs. Lobatto
6

Evaluation of sectional response
5\\
_ \ : . . .
2.0\ , The fiber method. Constitutive laws for steel and concrete
o \
4o \ section Fiber $secTag <—GJ $GJ> {
v \ - fiber ...
E . \\\ patch
\ layer
1 I
~__ }
e N
2 25 3 35 4 45 5 5.5 6
number of quadrature points fiber $yLoc $zLoc $A $matTag

Usually internal forces attain higher values at the element extremities, hence:
patch quad $matTag $numSubdivl) $numSubdivJK

Lobatto Gauss $yl $zI $yJ $zJ $yK $zK $yL $zL
Two control section are placed at the Control section are placed at the interior of

L . . h T ivY ivZ | |
element extremities; = higher values of the element; = lower values of section priien resh Geiliag SnumSelin? humSulbeis Syl el tyd el
section forces and element flexibility are forces and element flexibility are computed,; patch circ $matTag $numSubdivCirc $numSubdivRad
computed; = element forces are increased = element forces are decreased to $yCenter $zCenter $intRad $extRad $startAng $endAng
to re-establish compatibility. re-establish compatibility.

layer straight $matTag $numFiber $areaFiber
$yStart $zStart $yEnd $zEnd

layer circ $matTag $numFiber $areaFiber
$yCenter $zCenter S$radius <$startAng S$endAng>
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Evaluation of the sectional response Evaluation of the sectional response

Both the stiffness and flexibility formulations require the evaluation of the sectional Both the stiffness and flexibility formulations require the evaluation of the sectional

response response
Stiffness formulation Stiffness formulation r=(,z2)] p=(01,y,2)7

ole(y,z)] dA
Ke = /BTKSde, fe = / B odz /A [y, 2)] Ke = / B K°Bdz, f¢ = / B odz
L L L L
= ole(y, z)]x dA —

Flexibility formulation o= /A [0, 2)] Flexibility formulation g = /;‘U[s(r)]p dA

/ olely, 2)ly dA
A

Fe:/DT[KS]*lndz, Q:/DT[KS]*lLdz Fe:/DT[KS]’lDdz, Q:/DT[KS]*lLdz
L L L L

o(x) =D(x)f+ L(x)I o(x) =D(x)f + L(x)I

/A Et[e(x,y)] dA /AEt[a(y72)]y dA /A Eile(y, z)]z dA

s fA E[e(y, 2)]y dA /A Ele(y, 2)]y? dA /A Edfe(y, 2)lyz dA s _ /A Efe(n)]p ® pdA

nl — nl —

—Eely, z ely, 2)]yz + 2)] 2%
/A Elle(y, 2)]y dA /A E[e(y, 2)]yz dA /A Eile(y, 2)]22 dA
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Evaluation of the sectional response Position of fibers

Automatic positioning vs. manual positioning of fibers at Gauss points?

ng np
g-f”,:ZA,c(r[g(r,c)]pf+ZAbg[a(rb)]pb patch  quad/rect ... fiber  $ylLoc $zLoc $A ..
f=1 b=1
ny np .
= Z ArEle(re)lpr © pr + Z ApEi[(rp)lpy @ Po ) ) . ) . . . .
f=1 b=1
y y | ¥ . . . L] : : ° : . . . .
[
I A‘/’7 . 3 L)
= +
¥ { A, *
° section Fiber $secTag <—GJ $GJ> {
N ° patch quad $matTag $numSubdivl) $numSubdivJK
e * Syl $zI $yJ $zJ $yK $zK S$yL $zL
O X (el X (e] X 1

section Fiber $secTag <—GJ $GJ> {
patch rect $matTag $numSubdivY $numSubdivZ $yl $zI $yJ $zJ
}

section Fiber $secTag <—GJ $GJ> {
fiber $yLoc $zLoc $A $matTag
fiber $yLoc $zLoc $A $matTag

Position of fibers Comparison by D. Pellecchia (UniNA) Materials for RC
F = cost. 3 c i time
Mz }Mx s nf b
s __
25 Op = g Arole(re)lps + E Apole(rp)lpp
° f=1 b=1
E Ll
g ’ nf )
e s _
3.5 o= ArE[e(re)lpr ® pr + D ApErle(rs)lpp © po
g = =1 b=1
Y, 10 4 1 . . . - . . .
/ Concrete (uniaxial materials) Steel reinforcements (uniaxial materials)
) é_ 0 50 50 100 150 200 250 300 350 400 G c
z s
777 # integration points [l
— SE=
Mx=0 Mx = 0.5 x Mz fol - |
0.07 0.05 co
‘ ~— Fiber ~— Fiber | |
Gauss 0.045 1 Gauss
006 | | g |
0.04 | T '+ m e
Ey Sp
0.05 0.035 feol 7 — Jl"r*** ‘ |
g L L \ ‘ _.
5 5 0.025 Eop g Eom €y € =15y
0.03 ii]
0.02
0.02 b 1 0015 . . .
uniaxialMaterial Concrete0l $matTag $fpc $epscO S$fpcu $epsU
0.01
001 R
0.005
. B | — | uniaxialMaterial Steel0l $matTag $Fy $EO0 $b <$al $a2 $a3 $a4>
OO 50 100 150 200 250 300 350 400 UO 50 100 150 200 250 300 350 400
# integration points # integration points
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Materials for RC

Effect of confinement: Mander’'s Law

nf ny A be
Eftectivel .
o3 =3 Arole(ri)lpr + > Avole(r)lp, o - Sty ] .
f=1 b=1 concrete hoop core | ! -
= Floqm o s, fracture, o= a\::Aj = fﬁ
ng np 2 N - % 7 4
5 g- If o= - 4l \; ¢
= Z AfEt[E(rf)]pf ® pr+ Z AbEt[E(rb)]Pb ® pp % / S b | I:/::_\_‘_J‘sﬂc’_l:‘_ A=) ::5@ R
f=1 b=1 ; fo = Unconfl}ned -
N . H F - .é? I Q‘Q\q\g\\\\\\ Ineffectively 7 SECTION 22
Concrete (uniaxial materials) Steel reinforcements (uniaxial materials) 3 Ec Assurned for Ineffectvely. ] 4 .
g £} Scover concrete core < >
o 6 SEC. - “\\‘ \’ |’ / :Iist[s
’ E:,Lf' Ecotco E7’:5p Ecc €y Cover 78 / VG | il
1o ; AR 7
== Compressive Strain, Ec fgggﬁzfzm | DC—SJ’LT U
/ | ‘ be |
&) |
¥ ! SECTION Y-y
/5 ef fet €
/J P, y/ P fc’c ra f/
| / Uc:—ccr €cc =€co |1+5| ——
- € fl—1
€ =75, r—1+( — co
€cc
Ec f psf;/h
uniaxialMaterial Concrete04 $matTag $fc $ec $ecu $Ec r= ﬁ Esec = f Ec= 5000\/ FC/() [MPa] €cy = 0.004 + 0.084 £
<$fct $et> <$beta> € sec ce cc
f/ f/
r g ! ! /
uniaxialMaterial Steel02 $matTag $Fy $E $b $RO $cR1 $cR2 fee = foo | —1.254 +2.2544 /1 + 7'947 - 27 fi = kepSfyh/z
<$al $a2 $a3 $as4 $siglnit> co o
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Effect of confinement: Mander’s Law Effect of confinement: Comparison with Plastic domains
300 300]’
{I\ . Ol
250 —— 250 N
200 200 \
§ - "8220 100
T = M 100
Z 150 Z 150 e g o
£ £ , g of
-100
-100
100 100 H \ . L)
— MPP law with cover — MPP law with cover 1 300 l 000" 200 .
MPP law without cover — MPP law without cover : “100 -2000 20
50 PR law without cover 50 PR Law without cover 000 o it T
®  CoverULS ®  CoverULS 0 I UL Surface ecu=0,0035| o ‘-Ulsur‘aceemﬂﬂﬂo&‘
® Core ULS ® Core ULS F1 1000 | M PSurface F1 [ Psurface
0 i T T i 0 i i i T T i N 1000 200 w2
0 0.02 0.04 0.06 0.08 01 0.12 o 0.02 0.04 0.06 0.08 0.1 0.12
) Im ) (@) &c = 0.35% (b) &cu = 0.60%
Section size 300 mm x 500 mm;
Concrete strength f.y = 8.3 MPa;
Reinforcement 8220 mm bars (4 at corners + 4 at side midpoints);
Reinforcement strength f,4 = 450 MPa; 100 100
Transversal reinforcement: @8 mm /150 mm (rectangular stirrup + cross tie). g o g o
! 100 -100
Concrete peak stress f/. = 11.947 MPa;
H A . <
Concrete ult!mate strerlgth fi, = 11.817 MPa; ) i o 0
Concrete ultimate strain ., = 0.0198. 1000 S 1000 e
- 0 o _gf::::eecu:ﬂOOGS - 0 o
mpo ;
(©) &cu = 0.85% (d) & = 1.10%
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Effect of confinement: Comparison with Plastic domains

3 300
210
| Concrete C25/30
2 Steel B450c
b 500
2 ) 16920 . 2 2 o
E 3 -500
1 ) . ~ o -8000 . s o
2 1000 6000 . o0
s .| I UL Surface ecu=0.0035 1000 o0 N ULurtace ecu=0005275 . .
d P o] N PSurface M PSurface D |
9 / 2000 2000 7 " 4o yna“llc dana yS|S
>/ “ g F1 F1
g/
el . '
" - The central difference method and the Newmark's method
600
integrator CentralDifference
500 500
2 o 2 0 .
integrator Newmark $gamma $beta
-500 -500
8000 . e gl
48000 1000 o
-4002001;4 | N ULsurface ecu=000705 | N ULSurtace ecu=0.008625
o| I PSurface I Psurface
- 2000 M2 i 2000 7 M2
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Numerical evaluation of dynamic response The central difference method (explicit)
The equation of motion (dynamic equilibrium equation) of the structure reads Time derivative are approximated by finite differences
Md(t) + Cd(f) + f[d(t)] = —M&g(t) = fg(t) d - dijy1 —d;ig d i i dij1 —d; _ d,—d;_; - diy 1 —2d; +d;_;
_ , S o LT T oA LT A At At - Ar2
Time stepping methods consist in discretizing the time t in intervals At = t; ;1 — t;.
Substitution into the equation of motion yields
Numerical procedures for solving the equation of motion are required to converge to dii— 2d: 1 d. do1—d.
the exact solution as At is decreased, be accurate and stable in presence of numerical (Y Pt ! =1, 5+l =1y fld;] = f
3 At? 2At
roud-off.
which is rewritten by factoring d;;1 as
Stability is a critical aspect since these procedures are often conditionally stable due
the requirement At < Atqgy, M + < dijq +f(di) — fp — 21(1. + ﬂd- 1 - Ld- 1=0
A2 T oAar) T s AR T a2 T oA T
Two families of methods are considered: Setting
Explicit methods All quantities at time t;; are evaluated as a function of quantities
at time t; 2 M M Cc N M C

" fi:fgi_f(di)+2pdi_ pd,‘,l—F Ed,‘,l K= F—FK

Implicit methods Quantities at time t;; are evaluated iteratively as a function of t t t t t
both quantities at times t; and tj;1. the equation of motion becomes

Kdiyg =f; - diy1 =K',
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The central difference method (explicit): initial conditions The Newmark's method (implicit)

At first step the procedure requires the quantities do and do, which are usually given, At each time step At, the equation of motion is solved by an iterative procedure that
and do, d_1 which are evaluated as follows: is similar to the Newton method and assuming

The approximate finite differences . . . . . 1 .. N )
dip1 = di+[(1—)di+~di1]At  and dij = di+diAf+§[(1—/3)di+/3di+1]At

_di—d _diy —2do +d_4

d, = d . S .
¢ 2At e At? in which it is typically assumed v =1/2 and 8 =1/3, ..., 1/2.
are used to evaluate ) To this end the equation of motion is written at time t;y1 in the form of a residual
. 2.
d_1 =d, — dAt d P .
1=do oAt —mdo D(diy1) = Md; 1 + Cdiyg +f(di1) —fgiy1 =0
The equation of motion at time 0 is solved to have The Taylor series expansion of the residual D(d,;1) vields
. : -- - : oD ad; ad; Of (d;
Mdo + Cdo + f(do) =Fro —  do = M~ ![fgo — Cdy — f(do)] D(dj;1) ~ D(d?, 1)+ ——— | 6d; 11 = D(d?;)+ M =21 ¢ =5 4 (di2) ddiin
1 |go odit1|, Odipr| ,  Odip1 4o
i+1 d,.Jr1 dJ.Jrl i+1
Recalling the expression of d;, 1 we have
, 2 2 . 1 . ad; 2
diy1 = —— (dip1 —dj) — ——di — (— - 1) d = =
BAE2 BAt B8 od; 1 do BAt2
i1
Substituting this expression of d;;1 into EI,-H yields
. 2 27\ . . ad; 2
dij1= i(di+1*di)+(1 - 1) di+ <1 - l) d;At = = ==L
BAt B 8 ddin|,  BAt
i1
The Newmark's method (implicit) Pushover analysis of a 3D RC frame: The SPEAR building
Thus, considering
3.00 _1_ 5.00 T 1.70
ad; _ 2 ddiy1 _ 2 of(dit1) _ ko [
odip1| , BAL2T  ddiyy pAt’ Odip1 go e
do do i1
i+1 i+1
the Taylor series expansion of the residual D(d;;1) becomes E 8
ad; ad; of(d; o
D(di;+1) =~ D(d?+1) + |M AR +C i+ (di+1) ddjt 1 B — B
dipr|, Odip|, Odign g —1
a7, a7y i+1
= D(d? )+[M +c 2 ke ]6d»1 . g g
= D(d; g T Coay TKI + 3 g
il 6Af2 BAt i+l ' 28/200 4212 3
=D(d? ) + R?+15di+1 ey ; g ! gl [j: s ‘ _
! N 8 1 T
Setting D(d; 1) = 0 the iterative displacement increment is computed as SEeEe - j_ P . — . -
Ve 4 1 8/250— & 9.70
- - j i 1q— i—1
odiy = 7[K?+1] 1D(d?+1) - 6dj,‘+1 = 7[Kj,'+1] 1D(d{'+1) ‘2‘ ~20 2012 Loite
) . | :
where D(df;ll) is obtained by substituting the expression of d{;ll and d{_T_ll given at o L0

the end of the previous slide into the expression of D(d;1).
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An example: The SPEAR building (Dol3ek and Fajfar)
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